Nonlinear dynamic rolling forces in the vertical and horizontal directions are, respectively, established, considering the impact of vertical and horizontal directions vibration of rolls. Then a vertical-horizontal coupling nonlinear vibration dynamic model of rolling mill rolls is proposed, based on the interactions between this dynamic rolling force and mill structure. The amplitudefrequency equations of the main resonance and inner resonance are carried out by using multiple-scale method. The characteristics of amplitude frequency under nonlinear stiffness, damping, and amplitude of the disturbance are obtained by adopting the actual parameters of 1780 rolling mills. Finally, the bifurcation behavior of the system is studied, and it is found that many dynamic behaviors such as period, period-3 motion, and chaos exist in rolling mill, and this behavior could be restrained effectively by choosing proper system parameters.
Introduction
The vibration of rolling mill often occurs in rolling process. The occurrence of vibration not only affects the quality of rolling products, but also leads to breakdown of the rolling equipment. In order to understand the vibration behaviors of mills, a number of models have been developed during the past few decades [1] [2] [3] [4] [5] . However, in most open literatures, the vibrations in the horizontal direction and in the vertical direction are studied separately. In recent years, the coupling relationship in rolling mill is proposed; Hu et al. studied the linear vibration characteristics in vertical and horizontal direction [6] . Yang et al. studied the stability of coupling dynamic vertical model of cold rolling mill, which consists of the rolling process model, the mill roll stand structure model, and the hydraulic servo system model [7] . In the process of studying rolling mill vibration, modeling of rolling force directly determines the accuracy of vibration model. In the early years, the rolling force in the rolling process is quasistatic, which assumes that only dynamic variations in roll spacing produce variations in force, strip speed, and strip thickness to those occurring under steady-state conditions [8] [9] [10] . Yun et al. proposed a dynamic model of rolling mill, which considers the rate variation of change of the roll spacing. But in order to simplify calculation, he only selected the linear section of rolling force by using Taylor formula [11] . In fact, most of the literatures adopted the method of Yun, by taking the rolling force as a linear factor and neglecting nonlinear section.
In this paper, nonlinear dynamic rolling forces in the vertical and horizontal directions are proposed, respectively. Then a vertical-horizontal coupling vibration dynamic model of rolling mill rolls is constructed based on the interactions between this dynamic nonlinear rolling force and mill structure. Then the amplitude-frequency characteristics of the main resonance and inner resonance are analyzed under the nonlinear stiffness, damping, and the amplitude of the disturbance stiffness. Finally, the conditions of different dynamical motions are obtained by analyzing bifurcation behavior of the system, which could provide theoretical base for understanding of vibration mechanism of mill. 
Nonlinear Rolling Force Based on Dynamic Deformation Process of Strip

Parameters of Deformation Zone under Vibration Conditions.
Considering the influence of vertical and horizontal vibration of roll, the dynamic deformation process of strip is shown in Figure 1 . As shown in Figure 1 , the solid line represents the steadystate position of roll and the dashed line is the position of roll under vibration conditions Considering the elastic flattening of the rolls, the roll gap is treated as a parabolic curve [11] . Based on Von Karman's study [10] , considering the vertical displacement of rolls, the thickness ℎ of the rolling mill at any arbitrary position is
Assuming that the thickness ℎ 1 at entry position is constant, the entry coordinate of strip can be derived from (1) as
Then the velocity at entry position along horizontal direction can be derived form (2) aṡ
Considering the influence of roll horizontal vibration, the equivalent velocity at the entry position will be composed of two parts: the entrance velocity V 1 of strip and entrance ratė1 at entry position, and it can be expressed as
From Figure 1 , the exit thickness of strip under vibration conditions can be obtained as
Under vibration conditions, the bulk of metal in deformation zone is not constant, so the equation of constant mass throughput is no longer suitable for vibration conditions. Then a new principal of metal flow per second will be proposed, and the dynamic flow at any arbitrary position can be expressed as
where V ℎ is equivalent exit flow at any arbitrary position and V 1 ℎ 1 is equivalent entry flow.
Where the volume in deformation zone range from 1 to can be expressed as
where
the derivative of (7) can be obtained as
Shock and Vibration
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Then the speed V at any arbitrary position can be expressed as
When the horizontal component of surface speed of roll is equal to (11) ; namely,
at the moment, the position is the position of neutral point in (12). Due to ≫ ( − ) and | − | ≪ 1 and neglecting high-order item ( − ) 2 , the neutral point can be derived as
Nonlinear Dynamic Rolling Force in Horizontal and
Vertical Direction. According to slab method [10] , take a slice of the strip in Figure 2 . Based on force balance theory in deformation zone by Von Karman [10] , the force balance expression in horizontal direction can be expressed as
where = ; when < , take the negative and when > , take the positive.
By taking account of the assumption of homogeneous deformation [11] , the distribution of stress can be written by von Mises yield criterion as follows:
Integrating (16), the tension can be express as
The unit rolling force by (17) can be expressed as
The rolling force in horizontal and vertical direction can be obtained as follows:
In (19), integrating zone is composed of two sections, namely, 2 ∼ and ∼ 1 . Integrating (19), we obtained
The Vertical-Horizontal Coupling Dynamic Equation of Mill Rolls
Set 0 and 0 which are the balance points of rolls in the horizontal and vertical direction, respectively. Under steady conditions,̇0 = 0 anḋ0 = 0; by using Taylor formula, (21) can be expressed as
where ( 0 , 0, 0 , 0) is rolling force when there is no vibration and Δ ( ,̇, ,̇) is dynamic parts of rolling force, because too many parameters, for simplify the calculation, take the parts of first and third order as follows:
Δ ( ,̇, ,̇) where
Based on the assumption that the mass of working rolls are much smaller than that of backup rolls, the mass of the working rolls may be neglected [6] . The vertical-horizontal coupling nonlinear vibration model of rolling mill with nonlinear dynamic rolling force is illustrated in Figure 3 .
The dynamic equation in Figure 3 can be written as
Assuming that the structure of rolling mill and vibration are symmetrical in relation to the rolled strip [6] , then there exist 1 = 3 , 2 = 4 , 1 = 3 , 2 = 4 , 1 = 2 , and 1 = − 2 , and (25) can be simplified as
Under steady conditions, the external disturbance force 1 = 0, there exisẗ=̈= 0,̇=̇= 0, and = = 0, and the balance equation can be obtained as follows:
(27) Substituting (27) into (26), (26) can be expressed as Substitute (23) and (27) into (28), and set
Equation (28) can be rewritten as
Equation (28) is vertical-horizontal coupling dynamic equation of mill rolls under vibration conditions, where , , are coupling coefficients.
The Resonance Characteristics of Equation
Assuming that the external disturbance = cos and the system is a weak nonlinear system, (30) can expressed as
By using multiple scales method, one has = , = 0, 1, . . . ,
where is defined as / and = 0, 1. Set (31) which has solution as follows:
Substituting (32) and (33) 
Set the solution of (34) as
where cc represents complex conjugate of former term and Shock and Vibration
The Analysis of Main
Resonance. In the case of main resonance, set = 2 + and eliminating secular term of (37), one can obtain
The polar coordinate form of and in (36) is introduced as follows:
By substituting (39) into (38) and separating the real and imaginary parts, the average equation of coupling system can be obtained as follows:̇=
where = 1 − 2 . In the steady state, existinġ=̇= 0 anḋ 2 = 0 and eliminating 2 from (40), then the amplitude frequency response equation of the system can be written as 9 16
The Analysis of Inner Resonance.
Assuming that 1 = 2 + 1 and = 2 + , in order to solve the secular term of (37), and must meet conditions as follows:
Substituting (39) into (42), the average equation can be obtained under the polar coordinate; that is, 
When the system has a periodic motion, (43) will exist, =̇=̇1 =̇2 = 0; eliminate 1 and 2 from (43) and then the frequency response equation of the coupling system can be obtained as (46)
Numerical Experiments
Taking the 1780 rolling mills of Chengde Steel Co as an example, the parameters of this mill are listed as follows: In Figure 4 , the main resonance amplitude-frequency response curves for several values of nonlinear stiffness 3 are illustrated by (40). It can be seen that the nonlinear stiffness 3 directly affects the vertical natural frequency of the rolling mill. The natural frequency decreases with the decrease of the stiffness 3 , and the main resonance amplitude becomes larger and the backbone of rolling mill curve deviates toward right, simultaneously.
In Figure 5 , the main resonance amplitude-frequency response curves for different values of parameter 2 are illustrated by (44). With the increasing of the parameter 2 , the resonance amplitude of vibration decreases. Figure 6 shows the curve of the main resonance amplitude frequency in coupling rolling mill system for different nonlinear parameter 6 . It can be seen that with the decrease of 6 , the frequency response curve deviates toward right and the jump phenomenon becomes more obvious. When the disturbance frequency changes negative to positive, the amplitude changes according to 1-2-3-5 route and jumps in 3-5; when the disturbance frequency is changed from positive to negative, the amplitude changes according to 5-4-2 route and jumps in 4-2, which will lead to the jump phenomenon.
In Figure 7 , it can be seen that when disturbance amplitude is small value, the frequency response curve is single value of system. With the increase of , the main resonance amplitude increases gradually, and the resonance point of coupling system shifts right, and a clear jump phenomenon arises. Figures 8 and 9 show the curves of inner resonance amplitude-frequency under different parameters in horizontal and vertical directions, respectively. It can be seen that the system will raise resonance when disturb frequency is near to or equal to natural frequency 1 or 2 , and it has two resonance zones in coupling system.
In Figure 8 , when = 0.3 MN, the curve in horizontal direction has two resonance points, and the result is unique and stabile. With the increase of disturb amplitude , when = 0.5 MN, the right resonance zone becomes bend to right, and the jump phenomenon arises in Figure 8(b) , and then the system is instable.
In Figure 9 , the change of tendency of curve in vertical direction is similar to the curve in horizontal direction. According to (31), Figure 10 shows the bifurcation diagram with the change of disturb parameter in the condition of = 50 Hz. It can be seen that the rolling mill may have different motions when it adopts different disturb parameter . When adopts value from range 0.47 to 0.62, the system becomes periodic motion, and then it becomes chaos motion. When adopts value from range 0.9 to 0.92, the system becomes period-2 motion. When adopts value from range 1.07 to 1.24, the system becomes period-3 motion.
The phase diagrams and Poincare maps are shown in Figures 11∼13 when the system adopts different values of in Figure 10 . Figure 11 is periodic motion when = 0.529 MN, and it can be seen that the phase diagram has one closed curve in Figure 11 (a) and the Poincare maps have one single point in Figure 11(b) . Figure 12 shows a period-3 motion when = 1.06 MN, and it has three single points in Poincare map. Figure 13 illustrates chaos motion when = 0.45 MN.
Conclusions
(1) The nonlinear rolling force model of rolling mill in the vertical and horizontal directions is built. On this basis, the dynamic model of nonlinear vertical-horizontal coupling vibration model of rolling mill is proposed, considering the influence of mill structure. parameters of rolling mill is analyzed. It is found that the amplitude of vibration increases with an increase of stiffness and external disturb; but the maximum value of the main resonance will decrease as the increase of structure damp; when changing nonlinear stiffness, jump phenomenon will arise both in main resonance and in inner resonance, so choosing proper parameter will restrain resonance vibration of rolling mill.
(3) The bifurcation characteristics of vertical-horizontal coupling system of rolling mill roll are studied, and it is found that the system has different motions such as period motion, period-3 motion, and chaos, and choosing proper parameters may change the motion state of rolling mill. 
